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Abstract. The formal equivalence between the quartetting picture and the symmetry restored BCS picture
is established for the ground state correlations induced by the general isovector-isoscalar pairing interaction.
Multiple ground state structures compatible with the particle number and isospin symmetries are evaluated.
The competition of isovector and isoscalar correlations is discussed for the N = Z nuclei above 100Sn.
PACS. 21.60.Gx Cluster models
1 Introduction
The presence of a collective deuteron-like condensate in
nuclei is still actively investigated after more than six
decades since pairing effects were first considered in nu-
clear physics [1]. Theoretical studies on proton-neutron
(pn) pairing have been widely carried out in the framework
of the mean-field Hartree-Fock-Bogoliubov approximation
(see [2] and references therein). One of the salient charac-
teristics of these approaches is the spontaneous breaking
of the isospin and particle number symmetries by the solu-
tion wavefunctions. While these symmetry violations pro-
vide a way to incorporate nontrivial dynamic correlations
[3] they are also the subject to large fluctuations due to
the finiteness of nuclear systems. Furthermore, they usu-
ally fail to describe properly the coexistence of the T = 1
and T = 0 pair fields.
Symmetry preserving approaches, on the other hand,
show a strong mixing between isovector and isoscalar pair-
ing correlations. Recently, quartetting models have been
successfully employed to describe the correlations induced
by the protonneutron pairing interaction [4,5,6,7], but
also by general two-body interactions [8,9,10,11], in N =
Z nuclei. Here, the basic building blocks are correlated
four-body structures known as “quartets”, constructed out
of two protons and two neutrons. The general conclusion
is that in the quartet approach the isovector and isoscalar
pairing correlations mix significantly in N = Z nuclei,
contrary to many mean-field studies, and this behaviour
remains manifest also for N > Z systems [12].
The relationship between the mean field models based
on pair condensates and the symmetry preserving quar-
tet models has been investigated for particular cases in
a Corresponding author: vvbaran@fizica.unibuc.ro
Refs. [4,5,13,14,15], and recently in Ref. [16], in the more
general context of a multi-level isovector pairing model.
The particle number and isospin projection of a proton-
neutron BCS pair condensate state naturally generates
the collective quartet structure of the ground state ansatz
postulated in Ref. [4] for N = Z nuclei.
The aim of this work is to further explore the formal
correspondence between the quartetting models and the
symmetry restored pair condensate approach in the case
of combined isovector and isoscalar pairing interactions.
In the next Section we provide the basic theoretical tools
for the study of the isovector-isoscalar pairing Hamilto-
nian within the above mentioned symmetry conserving
approaches, in section 3 we discuss the implications of
the Numerical Results, and in the final section we draw
Conclusions.
2 Theoretical background
2.1 Isovector-isoscalar pairing Hamiltonian
We investigate N = Z nuclei where the nucleons move in
a deformed mean field with axial symmetry and interact
via both an isovector and an isoscalar pairing forces. The
corresponding Hamiltonian is of the form
H =
∑
i
εiNi+
∑
i,j,τ
V
(T=1)
ij P
†
i,τPj,τ +
∑
i,j
V
(T=0)
ij D
†
i,0Dj,0 ,
(1)
where εi represent the single particle energies and V
(T )
ij
are the pairing matrix elements in the isovector T = 1
and isoscalar T = 0 channels. The indices i, j denote
the single particle doubly degenerate states, ranging from
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1 to the number of levels, Nlev. The general isovector
pairing interaction is expressed in terms of the noncol-
lective pair operators P †i,1 = ν
†
i ν
†
i¯
, P †i,−1 = pi
†
i pi
†
i¯
and
P †i,0 = (ν
†
i pi
†
i¯
+ pi†i ν
†
i¯
)/
√
2. The isoscalar proton-neutron
pairing interaction is written in terms of the noncollec-
tive proton-neutron pair D†i,0 = (ν
†
i pi
†
i¯
− pi†i ν†i˜ )/
√
2 . Here,
i¯ denotes the time conjugate of the state i. The above
mentioned pair operators are built using nucleons in time-
reversed axially-deformed states, with a well defined pro-
jection of the angular momentum J on the z-axis, but not
a well defined J . Thus, our Hamiltonian (1) should not be
confused with the spherically-symmetric pairing Hamilto-
nian with interacting J = 0 isovector pairs and J = 1
isoscalar protonneutron pairs, whose quartetting solution
is discussed in Ref. [17].
2.2 Quartetting in N = Z nuclei
In Ref. [7], the pairing correlation energies are described
with high precision within the pair-quartet condensation
model (PQCM) using the ground state ansatz
|PQCM〉 = [Q†iv(x) +Q†is(y)]nq |0〉 (2)
where nq = (N+Z)/4 is the number of quartets that may
be constructed from the valence N = Z protons and neu-
trons, Q†iv(x) is the collective quartet operator built out
of collective isovector pairs Γ †τ =
∑
i xiP
†
i,τ as Q
†
iv(x) =
2Γ †1 (x)Γ
†
−1(x) − [Γ †0 (x)]2, and Q†is(y) is the squared col-
lective isoscalar pair ∆†0 =
∑
i yiD
†
i,0, Q
†
is(y) = [∆
†
0(y)]
2.
Both Q†iv and Q
†
is are by construction isoscalar quartet
operators. In the following, we shall use the short defini-
tion of “isovector quartet” to denote the isoscalar operator
Q†iv built from isovector pairs. The xi and yi mixing ampli-
tudes are two sets of parameters that define the collectiv-
ity of the isovector and isoscalar pairs, and they are com-
puted variationally by the minimization of the expecta-
tion value of the Hamiltonian (1) on the normalized state
(2). Throughout this work, we use “quartet condensate”
to denote the state constructed by the repeated applica-
tion of the quartet operator on the vacuum. We note that
quartet condensation in the pairing context is fundamen-
tally different than the quartet condensate of in medium
bound states of four fermions as, e.g., alpha particles [18,
19] in finite nuclei and infinite nuclear matter, which may
undergo Bose-Einstein condensation.
The structure of the |PQCM〉 ansatz was inferred in
Ref. [7] from the exact solution of the Hamiltonian (1) for
a set of degenerate states and for pairing forces of equal
strength. It is a generalization of the quartet condensa-
tion model (QCM) ansatz used in Ref. [4] to describe the
isovector pairing correlations in the ground state ofN = Z
nuclei, |QCM〉 = [Q†iv(x)]nq |0〉. Remarkably, the QCM
approach turns out to be perfectly equivalent to the pro-
jected BCS (PNTBCS) approach, involving both particle
number and isospin restorations, for the isovector pairing
case [16].
In the combined isovector-isoscalar pairing case how-
ever, there is a much larger freedom in constructing a col-
lective quartet ansatz for the ground state. Below, we de-
tail the PQCM/PNTBCS correspondence in this case, and
also discuss other possible alternatives for the structure of
the quartetting ground state.
2.3 General collective quartet states
We consider the most general symmetry preserving ansatz
constructed out of collective quartets,
|c〉 =
nq∑
n=0
cn [Q
†
iv(x)]
n [Q†is(y)]
nq−n|0〉 =
nq∑
n=0
cn |n, nq − n〉,
(3)
whose structure is defined by the expansion coefficients cn
in the space of collective quartet states
|m,n〉 = [Q†iv(x)]m [Q†is(y)]n|0〉 . (4)
For example, the structure of the PQCM ansatz (2) in-
volves binomial expansion coefficients
c(PQCM)n =
nq!
n! (nq − n)! , (5)
while the choice
c(PBCS)n =
1
(2n+ 1)! (2nq − 2n)! (6)
corresponds to the particle number and isospin projection
of the BCS state (see the next subsection and also Ref.
[16] for more details),
|BCS〉 = exp[Γ †0 (x)] exp[i∆†0(y)] |0〉 . (7)
The analytical structure of the ground state ansatz
may seem rather different in the PQCM and in the PNTBCS
cases. Note, however, that by a suitable rescaling of the
mixing amplitudes one may fix the coefficients c0 = cnq =
1 to allow for a more sensible comparison (excepting, of
course, the particular cases x = 0 or y = 0). We obtain,
e.g. for nq = 4,
c(PQCM) = (1, 4, 6, 4, 1) ,
c˜(PBCS) ≈ (1, 16, 42, 21, 1) ,
(8)
where c˜ denote the expansion coefficients obtained after
the rescaling. Generally, the structure of the PNTBCS
ansatz presents a stronger contribution from the mixed
components with similar numbers of isovector and isoscalar
quartets than in the PQCM case. At this stage it should
be remarked that all terms are highly overlapping, and
that the final conclusions regarding the correlations de-
scribed by the above combinations can only be drawn after
the minimization procedure, which yields different mixing
amplitudes for each particular case. We discuss this point
in more detail in sec. 3 below, where we consider also
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the comparison with the pure isovector and pure isoscalar
quartetting states
|iv〉 = [Q†iv(x)]nq |0〉 , |is〉 = [Q†is(y)]nq |0〉 , (9)
discussed in Ref. [7], as well as the simple superposition
of an isovector and an isoscalar quartet condensate
|iv ⊕ is〉 = [Q†iv(x)]nq |0〉+ [Q†is(y)]nq |0〉 . (10)
2.4 Collective quartets from projected BCS
From a computational perspective, an efficient way to
generate an arbitrary collective quartet state |m,n〉 =
[Q†iv(x)]
m [Q†is(y)]
n|0〉 is to project the isospin and the
particle number from a pair coherent state. In particular,
the isoscalar pair coherent state generates upon particle
number projection the collective quartet state
Pˆ2n exp[∆†0(y)] =
1
(2n)!
[∆†0(y)]
2n =
1
(2n)!
[Q†is(y)]
n .
(11)
For the isovector part, we consider the rotated pair opera-
tors p†k,1 = (P
†
k,1+P
†
k,−1)/
√
2, p†k,−1 = i(P
†
k,1−P †k,−1)/
√
2,
p†k,3 = iP
†
k,0, and the corresponding triplet of collective
pairs γ†a(x) =
∑
j xjp
†
j,a. The integral over all directions
in isospin space of the γ-coherent state is shown in Ref.
[16] to generate the collective quartet state,
∫
S2
dnˆ exp(nˆ · γ†) =
∑
m
1
(2m+ 1)!
[Q†iv(x)]
m . (12)
After combining the isovector and isoscalar coherent
states, expanding them as BCS-like products and imple-
menting both the isospin and particle number projections,
we obtain
|m,n〉 = [Q†iv(x)]m [Q†is(y)]n|0〉 =
(2m+ 1)! (2n)!
(Nlev + 1)(2Nlev + 1)
×
2Nlev+1∑
j=1
Nlev+1∑
l=1
exp[−i(2nϕj +mθl)]
∫
S2
dnˆ
×
Nlev∏
k=1
[1 + xk;l nˆ · p †k + yk;jD†k,0 + (x2k;l + y2k;j) q†k/2]|0〉 ,
(13)
where we have defined ϕj = 2pij/(2Nlev + 1) and θj =
2pij/(Nlev + 1) and used the shorthand notations xk;l =
xke
iθl/2 and yk;j = yke
iϕj . Also, we define q†i = ν
†
i ν
†
i¯
pi†i pi
†
i¯
to be the quartet operator that fills completely the level
i. For the particle number projection, we have taken into
account that the expansion contains 2Nlev + 1 terms for
the isoscalar pair coherent state, and Nlev + 1 terms for
the isovector pair coherent state of Eq. (12).
As in Ref. [20], the computations conveniently reduce
to the evaluation of the matrix elements of the various
operatorsN,P †P ,D†D, on standard proton-neutron BCS
states. In the present approach however, we obtain a particle-
number conserving solution at a lower computational cost.
Indeed, only three particle number projection sums are
required, whereas in Ref. [20] all four Gaussian integrals
need to be performed to ensure the quartet coherent state
structure.
Additionally, the BCS-like structure of the states (13)
allows for the angular momentum projection techniques
to be smoothly carried over from the single-species pairing
case [21] to the present isovector-isoscalar pairing scenario,
as will be explored in future studies.
3 Numerical results
In order to compare the various possible choices for the
ground state structure discussed in sec. 2.3, we have per-
formed realistic calculations forN = Z nuclei with valence
nucleons outside the closed cores 16O, 40Ca and 100Sn. Fol-
lowing Ref. [7], the single-particle states have been gen-
erated using the code ev8 [22] implementing Skyrme-HF
calculations performed for axially deformed mean fields
with the force Sly4 [23] (we disregard the Coulomb in-
teraction). As the model space for the valence nucleons
we consider 10 single-particle levels above the closed nu-
clear core. The resulting levels are doubly degenerate over
the projection of the angular momentum on the z-axis
and also in isospin. As in Ref. [7], we consider a zero
range pairing force V T=0,1 (r1, r2) = V
T=0,1
0 δ (r1 − r2)
with V T=10 = 465MeV fm
3 and V T=00 = 1.5V
T=1
0 .
We present in Table 1 the results for the correlation en-
ergy obtained by minimizing the energy function E(x, y) =
〈ψ(x, y)|H |ψ(x, y)〉/〈ψ(x, y)|ψ(x, y)〉 with respect to the
mixing amplitudes xi and yi. The correlation energy is
defined here as the difference between the ground state
energy in the absence of the pairing interaction and the
total energy, i.e. Ecorr = E(V = 0)− E(V ).
In all cases, the PQCM and the PNTBCS states are
numerically extremely close to each other, which is also re-
flected in the overlaps between the two states, presented
in the first column of Table 2. This confirms the equiva-
lence between the quartet condensation approach and the
symmetry restored BCS approach in a realistic case of
combined isovector and isoscalar pairing.
The excellent agreement of PQCM and PNTBCS is
easy to anticipate given their rich and highly entangled
structure, containing all possible terms (Q†iv)
m(Q†is)
n, 0 ≤
m,n ≤ nq. It is then interesting to notice from Table 1
that the simpler combination |iv⊕ is〉 of Eq. (10) is much
closer to the full PQCM and PNTBCS than to each of the
two isovector and isoscalar condensates taken separately.
Within the present symmetry conserving approach, the
isovector and isoscalar pairing correlations generally coex-
ist and they cannot be easily disentangled, as seen from
the large overlaps in Table 2 (see also Table 1 of Ref. [7]).
One may however assess their relative strength by eval-
uating separately the energies for the pure isovector and
pure isoscalar condensates of Eq. (9). This is in contrast
with the mean field approach where only one kind of pair
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Table 1. Correlation energies calculated with the states
|PQCM〉 of Eq. (2), PNT |BCS〉 of Eq. (6), |iv ⊕ is〉 of Eq.
(10) and with |iv〉 and |is〉 of Eq. (9).
|PQCM〉 PNT |BCS〉 |iv ⊕ is〉 |iv〉 |is〉
20Ne 11.38 11.38 11.38 11.31 10.92
24Mg 19.31 19.31 19.29 19.17 18.91
28Si 18.74 18.74 18.74 18.72 18.54
32S 18.64 18.64 18.64 18.59 17.75
44Ti 7.09 7.09 7.09 7.08 6.33
48Cr 12.76 12.76 12.75 12.69 12.22
52Fe 16.34 16.34 16.30 16.19 15.59
56Ni 15.73 15.73 15.73 15.72 15.56
104Te 4.53 4.53 4.53 4.49 4.02
108Xe 8.03 8.03 8.02 7.96 6.73
112Ba 9.27 9.27 9.26 9.22 7.53
116Ce 12.40 12.40 12.39 12.39 10.08
Table 2. Overlaps (in percentages) between the |PQCM〉
state of Eq. (2) and the states PNT |BCS〉 of Eq. (6), |iv ⊕ is〉
of Eq. (10), |iv〉 and |is〉 of Eq. (9).
PNT |BCS〉 |iv ⊕ is〉 |iv〉 |is〉
20Ne 100 100 99.66 97.92
24Mg 100 99.93 99.42 98.61
28Si 100 100 99.94 99.28
32S 100 99.98 99.85 97.00
44Ti 100 100 99.92 92.90
48Cr 100 99.93 99.49 96.64
52Fe 99.99 99.77 98.93 95.69
56Ni 100 99.98 99.95 99.17
104Te 100 100 99.75 95.90
108Xe 100 99.95 99.25 83.03
112Ba 100 99.99 99.64 79.08
116Ce 100 99.87 99.87 67.78
condensate, isovector or isoscalar, is found in the ground
state of N = Z nuclei [24,25], despite being allowed to
coexist. In particular, Ref. [25] predicts a region of domi-
nating isoscalar correlations above N = Z = 60.
To explore the possibility of identifying the signatures
of strong isoscalar pairing correlations in this region, we
have computed the ground state of the N = Z nuclei
above 100Sn up to nq = 7, the results being given in Table
3 below.
For this computation only, we have extended the pair-
ing window to 12 levels, as to avoid filling up the model
space in the cases with a large number of quartets. While
the pure isovector quartet condensate solution |iv〉 is found
to agree very well with the fully correlated ansatz for all
nuclei, the large errors for the pure isoscalar solution |is〉
show no improvement with increasing mass number. Note
Table 3. Correlation energies for the states |iv ⊕ is〉 of Eq.
(10), |iv〉 and |is〉 of Eq. (9) for 1 to 7 quartets above 100Sn,
together with the relative error of the |is〉 correlation energies
with respect to the |iv⊕ is〉 values.
|iv ⊕ is〉 |iv〉 |is〉 erroris(%)
104Te 4.65 4.63 3.71 20.20
108Xe 8.07 8.07 6.46 27.76
112Ba 9.89 9.89 7.67 22.45
116Ce 15.20 15.20 12.18 19.87
120Nd 17.76 17.76 13.70 22.86
124Sm 20.58 20.58 14.02 31.88
128Pm 20.93 20.93 15.74 24.80
that, at variance with our deformed computation, Ref. [25]
uses a spherical approach; the isoscalar solution is favored
in this case due to the small spin-orbit splitting given by
the accumulation of low-j orbitals near the Fermi sur-
face in the considered nuclear region [2]. More reliable as-
sessments for the competition between the isovector and
isoscalar within the present quartetting approach could
be given following the restoration of the rotational sym-
metry, which is computationally feasible in the BCS-like
treatment of Sec. 2.4.
We leave this aspect to be investigated in detail in fu-
ture works, and return for the remainder of the section
to the formal aspects regarding the structure of the quar-
tetting correlations. We note that all considered ground
states are particular instances of the generic ansatz of Eq.
(3). There is no a priori motive for choosing one set of cn
coefficients over another, and in principle they could also
be treated as variational parameters in order to span the
whole space of collective quartet states.
Although the already excellent agreement between the
PQCM and the exact solutions [7] does not justify this
supplementary computational effort, it is interesting from
a purely theoretical standpoint to determine the structure
of the maximally correlated collective quartet state. For
the simplest nontrivial case, that of two quartets, we are
left with only one independent coefficient after rescaling
the mixing amplitudes; we write the most general ansatz
as
|c〉 =
(
[Q†iv(x)]
2 + cQ†iv(x)Q
†
is(y) + [Q
†
is(y)]
2
)
|0〉 . (14)
We present in Fig. 1 the correlation energy Ecorr for
the nucleus 108Xe, obtained after the minimization of the
energy function E(x, y) for each fixed value of c. Strictly
speaking, the maximally correlated collective quartet state
(c = 2.2) turns out to be different from both PQCM
(c = 2.0) and PNTBCS (c = 4.47). Nevertheless, the corre-
lation energy variation range is extremely small, less than
0.01MeV, which for all physical purposes makes all collec-
tive quartet ansatzes equivalent.
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|PQCM〉
|MCCQ〉
PNT|BCS〉
|iv ⊕ is〉
|QivQis〉
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8.024
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V
)
Fig. 1. Correlation energy vs the c coefficient of the nq = 2 col-
lective quartet ansatz of Eq. (14), for the nucleus 108Xe. The or-
ange dots indicated by arrows refer to the states |iv⊕ is〉 of Eq.
(10) with c = 0, |PQCM〉 of Eq. (2) with c = 2, PNT |BCS〉
of Eq. (6) with c = 4.47. The state |QivQis〉 = Q
†
iv
(x)Q†
is
(y)|0〉
corresponds to the limit c → ∞. The Maximally Correlated
Collective Quartet state |MCCQ〉 with c = 2.2 (the red dot
on the graph) displays the largest correlation energy.
4 Summary and Conclusions
In this work we analyzed the structure of the quartetting
ground state of the isovector-isoscalar pairing Hamiltonian
for axially-deformed N = Z nuclei. The most general col-
lective quartet state involves all terms built from various
numbers of isovector and isoscalar quartet structures. No-
table particular examples include the PQCM condensate
ansatz and the particle number and isospin projected BCS
state. While the functional dependency on the variational
amplitudes may differ, the numerical agreement between
all collective quartet states is excellent. This is due to the
high overlap between the isovector and isoscalar quartet
structures, which generally leads to a strong mixing of
the two types of correlations in the quartetting approach.
This contrasts with the expectation from the mean field
picture, where the isovector and isoscalar correlations do
not coexist in N = Z nuclei. As opposed to the spheri-
cal mean field approach of Ref. [25], the present quartet-
ting approach for deformed nuclei indicates dominating
isovector correlations in the region above N = Z = 60.
Full symmetry restoration of the quartetting wavefunc-
tion (i.e. including angular momentum projection) is cur-
rently under consideration for an improved description of
the isovector-isoscalar interplay in realistic scenarios.
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PNCDI III, and PN-19060101/2019-2022.
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